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Abstract: In this article, we study the Volterra cubic stochastic operator defined on a two-
dimensional simplex. That is, we consider the cubic stochastic operator defined on a simplex. It
is shown that for the Volterra cubic stochastic operator defined on a two-dimensional simplex,
the vertices of the simplex are fixed points.
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INTRODUCTION

There are many systems which are described by nonlinear operators. A quadratic stochastic
operator (QSO) is one of the simplest nonlinear cases. A QSO has meaning of a population
evolution operator and it was first introduced by Bernstein in [1]. For more than 80 years, the
theory of QSOs has been developed and many papers were published (see e.g. [4]-[8], [16]-[17]).
In recent years it has again become of interest in connection with its numerous applications in
many branches of mathematics, biology and physics.

Let E = {1, 2,..., m} be a finite set and the set of all probability distribution on E

Sm_lz{X=(X1,...Xm)eD "X zo,zm:xi :1} 1)

be the (m —1) -dimensional simplex. A QSO is a mapping defined as V : S™" — S™" of the
simplex into itself, of the form V (X) =x"eS™*, where

' => P . XX, keE, @

1
i,j=1

and the coefficients Pij,k satisfy
m

P,=P,>0, > P, =lforali,jeE.@
k=1

The trajectory (orbit) {x(”)} ,of V' for an initial value X(O) e S™ is defined by

n>0
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X" =V (x")=v(x?),  n=012,..

One of the main problems in mathematical biology is to study the asymptotic behavior of the
trajectories. This problem was solved completely for the Volterra QSO.

The operator V is called Volterra QSO, if P, =0 forany k ¢ {i, j}, I, J,k € E. For the
Volterra QSO the general formula was given in [4],

X, =X, (1+ Zm:akixij, (4)

where a, =2P,, —1 for i=k and a, =0. Moreover, a, =—a, and |aki| <1 for all
iLkeE.

In [4], the theory of Volterra QSO was developed using theory of the Lyapunov functions and
tournaments. But non-Volterra QSOs were not completely studied. Because, there is no general
theory that can be applied for study of non-Volterra operators.

In recent years, Cubic Stochastic Operators (CSOs) have begun to be studied, which different
from quadratic operators [8-10].

RESULTS AND DISCUSSION
Definition 1. [16] The QSO (6) is called separable quadratic stochastic operator (SQSO).

Cubic stochastic operator. The CSO is a mapping W : S™" — S™* of the form

m

X'=> P.xxx, leE, @

ijk.1 N
i,j,k=1

where Pijk’I are coefficients of heredity such that
m

P.,>0, > P, =1 VijkeE @
1=1

and we suppose that the coefficients F’ijk’I do not change for any permutation of I, j, K.

For a given X(O) € Sm_l, the trajectory {X(n)} of initial point x under action of CSO (8)

n>0

is defined by X"V =W (x(”)), where N=0,1,2,... with X = X Denote by a)(x(o))

the set of limit points of the trajectory {X(n)} . Since {X(n)} —S™ and S™ is a
n=0 n=0

compact set, it is follows that a)(X(O)) . If a)(X(O)) consists of a single point, they the
trajectory converges and a)(X(O)) is a fixed point of the operator W . A point X € S™ s

called a fixed of the W if W (X) = X. Denote by FiX(W ) the set of all fixed points of the

operator W | i.e.

Fix(W)={xeS"* W (x)=x].
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The VolterracsO W : S? — S is:

X =% (1+%,)(1+x,),

W i< x; Xz(l_xs)(l’L%le’ 7

X =X, (1—&)(1—%@].

Let a face of the simplex S be the set I' = {X e S?%: X =0,igac {1,2,3}}.

Let the set iNtS® ={x €S XXX >0} and let the set 0S*=S>\intS* be the
interior and the boundary of the simplex S?, respectively. Let e = (1, 0,0), e, = (0,1,0),
e, = (0, 0,1) be the vertexes of the two-dimensional simplex.

Lemma. For the SCSO W (7), the following assertions true:

(i) The face F{lyz}, F{m}, F{m} of the simplex S? are invariant sets;

(i) Fix(W ) ={e,.e,.e,};
CONCLUSION.

Currently, the theory of nonlinear dynamical systems is used as the main tool in solving many
practical problems of mathematical biology worldwide. In particular, the problem of determining
the dynamics of separable cubic stochastic operators, due to the nonlinearity of these operators,
raises many theoretical and practical issues. In this regard, targeted scientific research is focused
on describing the invariant sets of such operators, finding periodic points and determining their
types, and describing the set of limit points of orbits.
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